On the ASTA Property in a Feedback Processor-Sharing Queue by Mitrani, Isi & Robert, Philippe
HAL Id: inria-00070583
https://hal.inria.fr/inria-00070583
Submitted on 19 May 2006
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.
On the ASTA Property in a Feedback Processor-Sharing
Queue
Isi Mitrani, Philippe Robert
To cite this version:
Isi Mitrani, Philippe Robert. On the ASTA Property in a Feedback Processor-Sharing Queue. [Re-
search Report] RR-5423, INRIA. 2004, pp.7. ￿inria-00070583￿
IS
S
N
 0
24
9-
63
99
   
   
 IS
R
N
 IN
R
IA
/R
R
--
54
23
--
F
R
+
E
N
G
ap por t  
de  r ech er ch e 
Thème COM
INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE
On the ASTA Property in a Feedback
Processor-Sharing Queue
Isi Mitrani — Philippe Robert
N° 5423
Deembre 2004
Unité de recherche INRIA Rocquencourt
Domaine de Voluceau, Rocquencourt, BP 105, 78153 Le Chesnay Cedex (France)
Téléphone : +33 1 39 63 55 11 — Télécopie : +33 1 39 63 53 30
 
		  !""#%$&'()*'+",-,.0/1*!2
354"4
687:9<;=9?>A@ABCD9
∗ EGF.H 9JIK9JLDLNM&O%PRQSMT@U> †
VWYX[Z]\_^"`badc)egfihkjlX[Z]\:h"mnoZ]Z_pYqYrsmUtuqojvh
wSxlnuyz\j|{}tu~
{}t~~noxkj}i\.x\[mvWY\[xmvW\qGgc<\8\UZ_Yxl\.oc _~to\[h
%[UYuu hkjtjrnoqtxf%aagw xnim\:hlhlnuxl¡¢eiWtxrq]£TpY\[pY\.¤"r¥jW§¦+\UxqYnupY¨©¨©r1ª«\U\:itumv¬ih"rsh|mUnuqi¡
hlrsi\Ux\[%rq!jlWYrsh"~tu~\[x[­G®onuhtuxlxr¯o\|\U°Tj\Uxqt¨©¨©f*¤"r¥jWxvtj\
λ
tuq!xl\:£oprx\bhl\Ux¯gr©mU\[h+¤"WYnThk\tA¯u\[xtuu\
rsh
1/µ ± tª²jl\[x_mUnuZ~Y¨©\jlr©qY§t³hl\Ux¯gr©mU\u´Dt]yznuµ¨©\[tA¯u\:hbjlWY\!hkfihkjl\UZ¶¤"r¥jWµ~YxnutuYr¨©rjzf α tuqx\zyznur©qhjWY\£op\UpY\_¤"r¥jW·~YxnutuYr©¨rjzf
1 − α
­.VWY\£TpY\UpY\_r©hhkjtuY¨\_¤"WY\Uq§jlWY\]n¸R\Ux\[³¨©noto1´
ρ = λ/(αµ)
´
htjr©hk¹\:h
ρ < 1
­³VWY\%irshzjxlr©YpijrnoqnªjlWY\!£op\UpY\%hl\U\[qµgft&jvtuo\[!yznuµ¤"Wr©mvWWtoh"yznur©qY\:ºjlWY\
£TpY\[pY\
n
jrZ\:h}t¨©xl\:tuif*rshr©qT¯o\[hkjlr©otjl\[0­
»³¼T½R¾¿À Áu wSxlnim\:hlhlnuxl¡zegWtxr©qY­ÂY\U\:&¦+tomv¬R­  eiV 
∗ Ã[ÄÆÅAÇUÇ8ÈiÇvÉÊRÇ8Ë"ÌAÍ:ÎJÏÑÐAÒ"Ã[ÄzÏÑÓzÐAÄzÓ8ÔuÕÐAÏ ÖÓz×?ØKÏ Î²Ù|ÇvÉÚÓ¢Û1ÄkÜvØJÎJÈÑÓ8ÔÚÝ0ÞSßvà1ÕSÔAÕá
† à-âã!ã×JÇvä?ÓzÄ¢ÎlÔå«Úà-å²âSÔæç ãiçoÞkè8é:ÔêÇ8Ë}ÜvÏÑÐAÓDëAÓDìÇ8ÈÑÍAÄzÓkÜvÍTÔußví:Þké8îïgÓSÊRÅAÓzØKÐAÜkÙÔð×KÜvÐ:ÄkÓ
   !D.+  	¶*	 #",", #	k0"_
*'+",-,.0/,!.D2

"'""#/i$&'(
    `<qUjlpir©\¨stir©hkjlxr©Ypijlr©nuq&¯gpY\.~tux"pYq³m¨©r\[qTj|£opr0xl\[¯gr\[qoj"~nupYx|¨©t
n
¡ÆrX[Z]\ª«nor©h"tqh
pqY\¹¨©\b~xlnim\:hlhlnuxl¡¢hkWtuxlr©qYtA¯o\[m<nopm¨sto\u­
 À : ¾   ! wGtxljtuu\Uotu¨rjturx\u­  eYV  ­
  	
  !"#
$!&%%&
'()+*,-.0/#1,1, 
VWY\Znjr¯tjlr©nuq§ª«nox|jWYrsh.hkWYnoxkjbqYnj\]tuxlnThk\ª«xlnoZdtq\¡ÆZtur¨DirshlmUphhkr©nuq\Ujz¤N\[\Uq328­1a³rjlxvtqrJ´
4­54 WYrjkjtuq·aµ­1{"\[rZ*tuq0´0mnoqm\[xlqYr©qY´\:hlhl\UqTjr©tu¨¨©fu´1t%hkjtjlr©nuqtuxlf&aag_w xlnimU\[hhknoxk¡zegWtuxlr©qY
£TpY\[pY\³¤"rjlW ¦+\UxqYnup¨¨©r"ª«\U\:itomv¬gh[­ ®onuh*tuxlxr©¯u\&\°gjl\[xlqt¨©¨f ¤"rjlW xvtj\
λ
tuq xl\:£oprx\³hk\[xl¯grsm\[h
¤"Wnohl\]tA¯o\Uxvtu\r©h
1/µ ± tª²j\Ux.mnoZ~Y¨\Ujlr©qY&thl\Ux¯gr©mU\u´0tyznuº¨\:tA¯u\:h}jWY\*hkfihkjl\UZ¤"r¥jW~YxnutYr©¨rjzf
α
tqx\zyznorqh+jWY\£TpY\[pY\.¤"r¥jW&~Yxlnotr¨©r¥jzf
1 − α
­+VW\£op\UpY\.rsh}hkjt¨\.¤"WY\[qjlWY\nu¸\[xl\:¨nTtu1´
ρ = λ/(αµ)
´htjr©hk¹\:h
ρ < 1
­
VWY\"£TpY\:hzjrnoqr©h¤"WY\UjlWY\[xGt}jvtuo\[yzno_¤"Wr©mvW_Wtuhyznur©qY\[jlW\+£TpY\[pY\
n
jlr©Z\[hDt¨©xl\:tuifo´hk\[\[hjlWY\
\:£TpYr¨©r©Yxlr©pYZ £TpY\[pY\hkr76U\.irshzjxlr©Ypijrnoq!p~noq%jWY\
n + 1 8 hkj¯grshkrj"nuxqYnuj[­GV-¤+n]nu~Y~nohlrq]tuxlopYZ\UqTjh¤+\Ux\~Ypij ª«noxl¤txv1­G`<q_jWY\"nuq\"Wtq0´jlWr©hSZ]nii\[¨Yrsh t.hkr©Z~Y¨©\}hk~\[mUr©tu¨mUtohk\"nuªRt.hl\U~tuxtuY¨©\+£TpY\[pY\¡
r©qY*qY\Ujz¤Nnoxl¬tuq!jlWY\[xl\Uª«nux\u´Ygf*jWY\  eiV  ~Yxlno~\[xkjzf09  xxr¯t¨sh}eg\[\VrZ\  ¯u\Uxvto\[h:8´gjWY\£TpY\UpY\
hlr76U\%irshkjlxrYpYjlr©nuq tj_txxlr©¯t¨ r©qhkjtuqojvhU´D\U°Tj\Uxqt¨+tq rqTjl\[xlqt¨K´rshjWY\!htZ\%toh.jWY\%\:£opr¨©rxlr©pYZ
Yr©hkjlxrpijlr©nuq<;
pi = (1 − ρ)ρ
i , i = 0, 1, . . . .
9z=:
>|n¤N\[¯u\[x[´ijWY\  eiV  ~Yxnu~\Uxljzfrq§q\jz¤+nux¬gh|¤"r¥jW§~YxnutuYr©¨rshzjr©mxlnopijlr©qYx\ª«\[xh}jlnjWY\hk\:£op\UqmU\
nuª '?? txxr¯t¨ir©qhkjtuqojvhU´oqYnjSjlWY\}~txljlrsmpY¨stx hlpYhl\[£TpY\[qm\}mUnuqhlr©hkjlr©qY.nuªjWY\|mnoqhl\[mpYjlr©¯u\ª«\U\:itomv¬gh
gft_ur©¯u\[qyznu-­  ~xlr©nuxrJ´Trj}r©h+~nohhkr©Y¨©\|jWtj}hlpmvW!thl\U¨©\[m8jrnoq%nuª-nuhl\Ux¯tjrnoq%~nur©qojvht¸R\[m8jvh+jlWY\
nohl\Ux¯u\[!irshzjxlr©Ypijrnoq0­
VWY\&mnopYqTjl\[xk¡¢txupYZ\[qoj~xlnim\[\[Yh_tuhª«nu¨©¨n¤}h$;hlpY~Y~nohl\jlWtj]jlWY\!jtuuu\:yznu Wtuhª«\[ tumv¬
Z*tuqTf!jlr©Z\[h[´tuq³WY\[qm\_r¥jvh"jnjtu¨hlnyznopYxqr©q³jWY\_£TpY\[pY\Wtoh}\U\[q§¨noqY­<|pYxr©qY%t¨©¨0jWtj<jlr©Z\u´
rj|Wtoh}nimUmUpY~Yr©\[³tª«xvtumjlr©nuq³nuªjWY\tA¯tr©¨stY¨©\hk\[xl¯grsm\m[t~tomrjzf09?tomUmUnuxvirqjln*jWY\wNe§hlmvWY\:ipY¨©rq
~nu¨©rsmf:8´+¨\:tA¯grqY´Sr©q \¸R\[m8j:´"tµhk¨©n¤N\[x*hk\[xl¯o\Ux]ª«nuxjWY\³njWY\UxyznohU­ VW\Ux\ª«nux\u´tjjWY\
n + 1 8 hzjª«\[\[itumv¬ r©qhkjtqTj:´SjWY\§£TpY\UpY\&¤"r©¨¨}jl\Uq jn\³¨©nuqYo\UxjWtq jlWY\³noqY\§hl\U\Uq ¤"WY\[q jWY\yznu ¹xvhzj
tuxlxr©¯u\[%rqTjn_jWY\hlfghkjl\[Z&­
VWY\¨©nuqYu¡Jj\UxZ\¸R\[mj nªtSyznu_jlWtjSing\[hqYnujSi\U~txljDm[tq]\"£TptqTjr¥¹\:1­ ^Nnuqhlr©Y\UxGtbZ]niir¹\:
Znii\[¨"¤"WY\Ux\u´Nrq tuYYr¥jrnoq jnjWY\@ qnuxZtu¨ 8 yznoh¤"WYrsmvW mUnuZ\³tq un´SjlWY\[xl\&rshnuqY\0@Ñhk~\[mUr©tu¨ 8yzno ¤"WYrsmvWµª«\U\:Yh_tumv¬º¤"r¥jW ~YxnutuYr©¨rjzf o´DrJ­ \u­ºqY\U¯o\Ux¨©\[tA¯o\[hjlWY\hkfihkjl\UZ&­ºVWY\Uq0´ hlnu¨©¯grq³jlWY\
¦+r©xkjWi¡¢tqg¡¢<\[tjW%\:£optjlr©nuqh ª«noxjlWY\qgpYZ\UxnuªqYnoxlZ*t¨Tyznoh+rq!jlWY\.hlfihzj\UZ&´i¤N\<¹q&t]ir¸\[xl\[qoj
\:£TpYr¨©r©Yxlr©pYZ Yr©hkjlxrpijlr©nuqª«xnuZA9k=:;
pi = (1 − ρ)
2(i + 1)ρi , i = 0, 1, . . . .
9J :
VW\StA¯u\[xtuu\G£TpY\UpY\+hkr76U\Nmnuxx\[hl~noqir©qY+jln9K':1rsh
2ρ/(1−ρ)
­VWgph[´[jlWY\N~Yxl\:hk\[qm\Snªt"¨©nuqYu¡K¨stuhkjlr©qY
yzno\U¸\:m8jlr©¯u\[¨fYnupYY¨©\[hjWY\"tA¯u\Uxvto\S£TpY\Up\+hlrB6[\NnuªqYnoxlZ*tu¨UyznohU­C>}n¤+\U¯o\Ux:´UjWY\"irshzjxlr©YpijrnoqD9JE:r©h
hl\U\[q%gfxvtqYnuZ5nuhk\[xl¯o\UxvhStq%qYnoxlZ*tu¨Rtuxlxr©¯Atu¨©h ± t_~xlr©nuxrJ´TjWY\.ir©hkjlxr©Ypijlr©nuq&hl\U\Uq!gf*jlWY\.hl~\:mrst¨yzno!Z*tAf\ir¸\[xl\[qTj[­
 ¨¥jWYnupYoW*jlW\Ux\|Wtoh \U\Uq!tmnoqhkrsi\[xtuY¨\<tZnupYqTjSnuª1¤Nnoxl¬]nuq  eiV GF g´o´gi´HJIK:8´TjWY\<tun¯o\
£TpY\:hzjrnoqtu~Y~\[txvh+jln*\.nu~\Uq-­Sa³nohkj}nªjlW\tA¯Atur¨st¨\x\[hlpY¨¥jvhU´ir©q&jlW\mnuqTj\°gj"nªDqY\jz¤+nux¬ihN¤"rjlW
~xlnotYr©¨©r©hkjlrsm|xnupYjlr©qY´imnoqm\[xlq%jlWY\.hl\[£TpY\[qm\bnªDt¨©¨0txxlr©¯t¨rqhkjtuqTjh"tj"t]qYnii\u´ixvtjWY\Ux+jWtq!jlWY\
mUnuqhl\[mUpijlr©¯u\|¯Trshlr¥jvh jnrjNgf*t~tuxkjr©mUpY¨©tux1yznu-­ VWY\|qY\Ujz¤Nnoxl¬_ZngY\U¨shNirshmphhk\:*gfL\U¨©¨f F -IRtu¨¨©n¤
tyznu·jln\*mvWtuxtom8j\UxrB6[\[&gf&jlWY\]xnupij\_rj<jvt¬o\[h ± jlWY\mnoxlx\[hl~nuqir©qY  eiV  x\[hlpY¨jM9Æ^Nnuxnu¨©¨©tuxlf­ E:}tu~Y~Y¨©r\:h}jnyznuh}jWtjWtA¯u\jt¬o\Uq·t%~txljlrsmp¨©tux|xnupij\u­>}n¤+\U¯u\[x[´jlWYnThk\_ZngY\U¨sh<hl~\:mr¹mUtu¨¨©f
\U°Ym¨©pi\r©ZZ]\:irstjl\ª«\U\[Ytumv¬ih}tuq³hknYnqYnjbmn¯u\[x"nupYxbhkfihkjl\[Z­  hl~\[mrst¨mUtohk\.nuªGt*ª«\U\[Ytumv¬
£TpY\[pY\+¤+toh-\U°ituZrqY\:gfON-tuZ tq]egWtuqY¬tx F -IK´¤"WnbhlWYn¤+\[jWtjDjlW\£TpY\[pY\hkr76U\irshzjxlr©Ypijrnoq_tj
àà Ð-PéQ&R8î
   -  -5 
E&
ª«\[\[itumv¬r©qhkjtqTjvhr©hr©qi\[~\[qi\UqTj}nuªjWY\qTpZ\Ux}nuª-ª«\U\:itomv¬gh[­>}n¤+\U¯o\Ux:´ujWY\£TpY\UpY\[rq]~nu¨©rsmf
r©qjWtj"Znii\U¨1¤tuh+Â 2zÂ`_­iVWYrsh¨\:tA¯u\:hSt]hkZ*t¨©¨Rotu~%r©q%jWY\  eiV  ¨rjl\[xtjlpYx\u´g¤"WYrsmvWjWY\~Yxl\:hk\[qTj
qnjl\.turZ*h+jln¹¨¨K­
VWY\tuqhl¤N\[xNjn]jlWY\.xvtrshk\:!£TpY\:hzjrnoq!rsh~Yxn¯gr©i\:%gf*jWY\ª«nu¨©¨©n¤"rqY ;
  ÀSÀ ? À	
  K* 
 &1,1,K* &5
-1+??  &  !"-%     .=.E
E%%1,&1,
%= ' % 1+  
' "!'O %
n # *$& E! " %)',%O*,&  %&%&'(! - K* n + 1 # %)& E !",%)',*)5
-  K*-	K*+
  %?  %  
' 5!&? 1,E3K* ,1-,&K*'  %&&%.!0/
egr©qmU\jlWY\]jtuuo\[*yznoºhl\U\:h.irshzjxlr©Ypijrnoq 9k$:b¤"WY\Uqºrj.¹xhkj.txxlr©¯u\:h|r©qTjlnjlWY\hlfihzj\UZ 9«jlWtjr©h
jWY\]w  eiV  ~xlno~\[xkjzf21wDnor©hhknoq  xxr¯t¨sheg\U\VrZ\  ¯o\Uxvto\[h:8´w xlno~nThkrjlr©nuq r©Z]~¨r©\[h<jlWtj.r¥j
hl\U\:h"irshzjxlr©Ypijrnoq9k=:tj"\[¯u\Uxf*ª«\[\[itomv¬r©qhzjvtqTj[´ix\UTtxvi¨©\[hhSnuªjWY\Ur©x"qgpYZ\Ux:­
VWgph[´N¤"Wr¨©\jlWY\&jvtuo\[§yznu xl\[Z*tr©qh]rq jlW\§hkfihkjl\UZ&´Nr¥j%mU\Uxljtr©qY¨©f mUtuphl\[h_jlWY\§£TpY\[pY\³hkr76U\
jnµrqmx\[tuhl\u­ >}n¤+\U¯o\Ux:´SjWY\*yznu rjhl\U¨ªing\[h%qYnj%hl\U\³jWtj!rqmUxl\:tuhl\u­ VWYr©h!t~Y~tx\UqTj*~txvtuinA°
m[tq \³\U°i~Y¨©turq\[ rqTjpYr¥jr¯o\U¨©f gf x\UZ*tx¬grq·jWtj*¤"WY\[q jWY\§£TpY\Up\³r©hhlWYnoxkj:´ jlW\&jtou\:§yzno
mUrxvmp¨©tjl\[h%ª?tuhkjl\[x[­ VWTphU´<r¥j&jl\[qYhjn hl\U\hkWnuxljl\Ux&£TpY\Up\[hZnux\·ª«x\[£TpY\[qoj¨f jWtq t xvtqinuZ
nohl\Ux¯u\Ux:­ egrZr©¨©tuxl¨©fu´+¤"WY\[q jWY\§£TpY\Up\³r©h*¨©nuq´NjlWY\&jvtuo\[·yznu mr©xvmpY¨stj\[h*hl¨n¤"¨©f tq WY\[qm\
j\Uqhjln³hl\U\*¨©nuqYo\Ux.£TpY\UpY\:h.¨©\[hhbª«xl\:£op\UqTjl¨©f³jlWtqµtxtuqinuZnuhl\Ux¯u\[x[­ 2Æj.jlpYxqh.nopij.jlWtj.jlWr©h
nohl\Ux¯Atjlr©nuqtu¨Yrstuh\°Ytumjl¨©fbmUnupYqTj\Uxvtum8jvh1jWY\S¨©\UqYujlWY\[qYr©qY|\U¸\:m8jjlWY\Njtuuu\:+yznuWtuhnuqjlW\+£TpY\[pY\u­
w xnu~nohlrjlr©nuq *hlWYn¤}h|jlWtj.tu¨©hlnrqjlWY\Zniir¹\[ZngY\U¨K´0¤"WY\Ux\]nuqY\hk~\[mUr©tu¨yznuª«\U\[htumv¬
¤"rjlWº~YxnutuYr©¨rjzfu´1jWY\*ir©hkjlxr©Ypijlr©nuqnª+qYnuxZ*t¨yznuhbjWtj.rj.hl\U\:htjbª«\U\[Ytumv¬³r©qhkjtqTjvh<rsh9zJ:8´
Y\[hl~Yr¥j\bjlWY\ª?tom8j"jlWtj}xvtqinoZ5nuhl\Ux¯u\[xh+tq%qYnoxlZ*tu¨0txxlr©¯t¨shNhl\U\irshkjlxrYpYjlr©nuq 9J :­2¢qª?tum8j:´i¤N\
hlWtu¨¨1~Yxn¯u\t]Znux\bo\UqY\[xtu¨Rxl\:hkpY¨j$;
  ÀSÀ ? À	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-0
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
8
5
-4,-?0
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k − 1
%! -?=
 &%"/
w xnu~nohlrjlr©nuq !r©hmUnuqhlrshzj\UqTj.¤"r¥jW tq  eiV  ~Yxnu~\Uxljzf³jlWtjWYno¨©YhrqZr¥°i\:º£TpY\[pY\Ur©qY³qY\Ujk¡
¤+nux¬ihU´hl\U\ F HJIÆ­>}n¤+\U¯u\[x[´AjWtj x\[hlpY¨j xl\Uª«\UxvhjlnjWY\|hkjtj\}hk\[\Uq*tjStu¨¨YmUnuqhl\[mUpijlr©¯u\}hl\Ux¯gr©mU\"mnuZ~Y¨©\¡
jrnoq³rqhzjvtqTjh[´x\UTtxvi¨©\[hhnªGjlW\rsi\UqTjlrjzfnªGjlW\_mnoZ~Y¨\Ujlr©qY.yzno0­ >}\[xl\¤N\tuxl\_mnuqm\UxqY\:!¤"rjlW
jWY\_hkjtjl\hl\U\[q·tjbthkpi¡Æhl\[£TpY\[qm\nªGjlWnohl\rqhzjvtqTjh[´rK­ \u­©´jWY\_mUnuqhl\[mUpijlr©¯u\hl\Ux¯gr©mU\mnoZ~Y¨\Ujlr©nuqh
&
' .':9-&> '&'(!D%, ! -? 
  ­_VWY\]Z\jlWngphl\[§jln&\[hkjtuY¨rshlW·w xnu~nohlr¥jrnoq%r©hbnªhknoZ\
r©qTjl\[xl\:hzj"r©qrjhn¤"qxroWoj:­
@&ACBDB)EB)EF@ACB)GHBJILK'MCK'B+NPO
N-\j
qi,j
\³jlW\·mnoqirjlr©nuqtu¨}~YxnutuYr¨©rjzf jlWtjjWY\³jtuuo\[yznu hl\U\:h
j
yznoh*r©q jlWY\ºhkfihkjl\[Z tj
jWY\*mnoZ]~¨\Ujlr©nuq·nuªNrjh.hl\Ux¯gr©mU\u´Rur©¯u\[q§jlWtj.r¥jhtA¤
i
yznuh<¤"W\UqjlWY\*hl\Ux¯Trsm\hkjtxljl\:1­Q<hkr©qYjlWY\
Z\[Z]noxlfg¨©\[hh|~xlno~\[xkjzf&nªNjlWY\\U°g~nuq\UqTjlrst¨Dirshzjxlr©Ypijrnoq0´-tq·mnoqirjlr©nuqYr©qYpY~nuqjlWY\qtjlpYx\_nuª
jWY\qY\U°gj_\U¯o\UqTjjn§nimUmpx 9«\[r¥jWY\Uxtq tuxlxr¯tu¨ nuxt·hk\[xl¯grsm\mnoZ~Y¨\Ujlr©nuq :´D¤N\%m[tqµ¤"xr¥j\%t§hl\jnuª
x\[mUpYxxl\[qm\b\[£Tptjlr©nuqh$;
qi,j =
λ
λ + µ
qi+1,j +
µ
λ + µ
{
i
i + 1
[αqi−1,j + (1 − α)qi,j ] +
1
i + 1
δi,j
}
,
9?E:
å«Úà0å²â
  	
  !"#
$!&%%&
'()+*,-.0/#1,1, 
¤"W\Ux\
δi,j = 1
r¥ª
i = j
tuq*njWY\Ux¤"rshk\o­VWY\}¹xhkjGjl\[xlZ r©qjlWY\}xr©uWTjk¡ÆWtq]hlrsi\}nª 9J : \°i~Yx\[hhk\:h
jWY\<ª?tum8jjWtj:´ir¥ªjlWY\bqY\°gj"\U¯o\UqTjr©htqtxxlr©¯t¨K´ujWY\Uq!jlW\|jvtuo\[yzno!Z*tAf\mUnuqhlrsi\Ux\[jn*hzjvtxlj
rjhhk\[xl¯grsm\]rqºjlW\*~Yxl\:hk\[qm\nuª
i + 1
njWY\Uxyznoh[­VWY\*hk\:mnuq§j\UxZ¶mn¯o\Uxvh}jWY\mUtohk\¤"WY\[qºjlWY\
q\°gj<\[¯u\UqTjbr©hbt%hl\Ux¯gr©mU\mnoZ]~¨\Ujlr©nuq<;"rªSnuq\nªGjWY\]njlW\UxNyznuhbmnoZ]~¨\Ujl\[h[´jlWY\[q§jlW\jvtuo\[]yzno
hl\U\:h
i − 1
nux
i
yznoh|Y\U~\Uqir©qY!nuq§¤"WY\UjlWY\[x|jWY\Ux\rsh<t%i\U~tuxkjpYx\nuxbtª«\U\:itumv¬ ± rªGjlWY\jtou\:yznomUnuZ~Y¨©\j\[h[´ijlWY\[qjlWY\hkjtjl\.hk\[\Uqr©h
j
r¥¸
i = j
­
a³p¨¥jr~Y¨©fgrq§nujlWµhlr©i\:hnª 9?:bTf
(λ + µ)(i + 1)
tqºx\[tuxlxvtqYorq´jlWtj\[£Tptjlr©nuqmUtq\
x\U¤"xrjkjl\[qtoh
qi,j [iα(ρ + 1) + αρ + 1] = (i + 1)αρqi+1,j + iαqi−1,j + δi,j .
9«:
2Æj}rsh}mnoqg¯u\Uqr\[qoj+jln*r©qTjlxniipm\bjWY\.u\[qY\UxvtjrqY_ª«pYqmjlr©nuqh
gj(z) =
∞
∑
i=0
qi,jz
i , j = 0, 1, . . . .
9J :
2Æª1jWY\<jtou\:byznu%htA¤ ir©hkjlxr©Ypijlr©nuq9z$:Ntj+r¥jvh
n 8 jlW%ª«\U\:itumv¬R´ojlWY\[q0´itum[mnuxvir©qYjlnjlWY\i\U¹qYrjlr©nuqhnuª
qi,j
tq
gj(z)
´ijWY\.~YxnutuYr©¨rjzfjlWtj}r¥j|hl\U\:h
j
yznoh"tjjlW\
n + 1 8 hzjª«\[\[itomv¬rshur©¯u\Uqgf
q·,j = (1 − ρ)gj(ρ) , j = 0, 1, . . . .
9 HE:
a³p¨¥jr~Y¨©fgrq 9?:STf
zi
tuqhlpYZZrqY]n¯u\[xNtu¨¨
i
´ojWYnohl\|x\[mUpYxxl\[qm\:hSmUtuq\|jxtuqhzª«noxlZ\:rqTjln
¹xhkj"nuxvi\Ux"ir¸\[xl\[qTjlrst¨0\:£optjlr©nuqh;
α[ρ − (ρ + 1)z + z2]g′j(z) = [1 + αρ − αz]gj(z) − z
j , j = 0, 1, . . . .
9K':
 |n¤.´Yhk\Ujkjlr©qY
z = ρ
rq 9Æ':8´YjlWY\.¨©\ª²jl¡KWtuq&hkrsi\¯tqYrshlWY\[h"tuq¤N\nuYjtr©q
gj(ρ) = ρ
j ,
nox[´YtomUmUnuxvirqjln 9 H :8´
q·,j = (1 − ρ)ρ
j .
VWr©h\:hzjvtY¨©r©hlWY\:hw xlno~nThkrjlr©nuqºu­
@&ACBDB)EB)EF@ACB)GHBJILK'MCK'B+N
4º\phl\t<jrZ\¡¢mvWtuqYu\txupYZ\[qojGhlrZr©¨©tuxjnbjlWY\nuq\+r©qbxlrshkW\[mvWY¬gr©q F &IÆ­ N-\j
B = {B(t); t ≥ 0}\jlW\}¦Nr©xljlWi¡¢tqi¡Æ<\[tjlW]~YxlnimU\[hh¤"Wr©mvW0´o¤"WY\Uqr©q*hzjvtjl\
i
´Wtoh tbYr©xkjW]xvtj\nª
(i+k)λ
tuqi\[tjlW
xvtj\|nuª
iαµ
­2Æjr©h+\:tuhlr¨©f¯u\Uxr¹\[jWtj
B
r©hhkjt¨\<¤"WY\Uq
ρ < 1
tq%r¥jvh+\[£TpYr©¨r©YxrpYZYr©hkjlxrpijlr©nuq
rshur©¯u\[q!gf
πk(i) =
(i + k − 1)!
i!(k − 1)!
ρi(1 − ρ)k , i = 0, 1, . . . .
9E:
4 W\Uq
k = 1
´ijWYrsh"mnur©qmUr©i\:h¤"r¥jW 9zJ:8­
àà Ð-PéQ&R8î
H   -  -5 
E&
<\¹q\jlWY\ 9Jhzjxlrsm8j¨f!rqmUxl\:tuhlrq: ª«pYqm8jrnoq
A(t) =
∫ t
0
[B(s) + k]ds ,
9 E:
tuq!¨\Uj
C(t)
\.rjhr©qg¯u\[xhl\ ;
C(A(t)) = A(C(t)) = t
­ VWY\Uq&mnoqhlr©i\[xjlWY\~Yxnim\:hlh
L = {L(t) =
B(C(t)); t ≥ 0}
­·egr©qm\*jWY\yzpZ]~hnuª
L
tuxl\%pYqYrs£op\U¨©fZ*t~~\:jln*yzpZ]~hnuª
B
´
L
rsht¨shln§t
¦+r©xkjWi¡¢tqg¡¢<\[tjW%~Yxnim\:hlh[­GV-nnuYjtr©qr¥jvh"Yr©xkjWxvtj\u´i¤"WY\[q&rq&hzjvtj\
i
´i¤+\¤"xlrjl\
P (L(t + h) = i + 1 |L(t) = i) = P (B(C(t + h)) = i + 1 |B(C(t)) = i)
= P (B[C(t) + hC ′(t)] = i + 1 |B(C(t)) = i) + o(h)
= (i + k)λh[C ′(t) |B(C(t)) = i] + o(h) ,
9k[E:
¤"W\Ux\u´Ytum[mnoxir©qY_jln 9 :tq%jlW\i\¹qr¥jrnoqnuª
C(t)
´
[C ′(t) |B(C(t)) = i] =
1
A′(C(t))
=
1
B(C(t)) + k
=
1
i + k
.
9ku=:
eipYhkjlrjlpijrqY 9zo$:Gr©qTjln 9k[ :´Tir©¯gr©YrqYTf
h
tq¨©\jljlr©qY
h → 0
´o¤+\"¹q]jWtjNjlWY\|YrxljlW%xtjl\"nª
Lr©qhkjtj\
i
rsh
λ
­ egr©Z]r©¨stx¨fo´jlW\|i\[tjlW*xvtj\"nª
L
rqhkjtjl\
i
r©h
αµi/(i+k)
­VWY\[hl\|tx\"~Yx\[mUr©hl\U¨©fjWY\
rxljlWtuqY\[tjWxvtjl\:h-nuªijlWY\+Zniir¥¹\[Znii\[¨T¤"rjlW
k
hl~\:mrst¨[y¢noh[­VWY\N\[£TpYr©¨r©YxrpZ ir©hkjlxr©Ypijlr©nuq
nuª
L
rsh"ur©¯u\[q!gf
πk+1(i) =
(i + k)!
i!k!
ρi(1 − ρ)k+1 , i = 0, 1, . . . .
9k: :
4 W\Uq
k = 1
´ 9k: :mnur©qmUr©i\:h¤"r¥jW 9J :­
egr©qmU\
L(t)
x\U~Yx\[hl\UqTjhjlWY\!qgpYZ\Ux_nª}qYnoxlZ*t¨-yznuh_~Yx\[hl\UqTjr©qµjlW\!hlfghkjl\[Z tjjrZ\
t
´DjlWY\
tuZnupYqTj"nªDhk\[xl¯grsm\bjlWtj|thk~\[mUr©tu¨gyznu&xl\:m\[r¯o\[hipYxrq_jWY\.r©qoj\Ux¯t¨
[0, A(x)]
rsh"\[£Tptu¨Rjln
∫ A(x)
0
1
L(s) + k
ds =
∫ A(x)
0
1
B(C(s)) + k
ds =
∫ x
0
A′(u)
B(u) + k
du = x .
9k[E:
2¢q&nujlWY\[x+¤+nuxvYh[´
A(x)
rsh+jlWY\jrZ\.qY\:m\[hhtxfª«nux}thk~\[mUr©tu¨gyznujlnnoijturq³hl\Ux¯Trsm\
x
­
 |n¤ mUnuqhlrsi\UxGjWY\|\[Z\[YY\[*a§tuxl¬on¯mvWtr©q
B(tn)
´g¤"WY\[xl\jWY\<hl\[£TpY\[qm\
tn
ª«noxlZ*h t.wDnor©hhknoq
~xlnim\:hlhN¤"rjlW%xvtj\
µ
­G¦+fjlW\<w  eYV  ~Yxnu~\Uxljzfu´ojlW\<\:£opr¨©rxlr©pYZ irshkjlxrYpYjlr©nuq%nuª
B(tn)
r©h+ur©¯u\[q
gf9 :8­C>}\[qm\o´AjlWY\+\[£TpYr©¨r©YxrpZYr©hkjlxrpijlr©nuq_nªijlW\N\[Z\[Yi\:a§tuxl¬on¯<mvWturq
L(A(tn)) = B(tn)rsh0or¯o\Uqgf 9 E:­¦+pij[´tomUmnoxYrqY+jn 9z:E:8´:jWY\Shl\[£TpY\Uqm\
A(tn)
x\U~xl\:hk\[qojvhRjlW\Smnoqhk\:mpijr¯o\GrqhzjvtqTjh
¤"W\Uq§jWY\*hk~\[mUr©tu¨yznumUnuZ~Y¨©\j\[hb\°i~nuqY\[qojr©tu¨¨©f§irshzjxlr©Ypij\[ºhk\[xl¯grsm\:h|¤"rjlWZ]\:tq
1/µ
´RrK­ \o­´0jlWY\
mUnuqhl\[mUpijlr©¯u\]ª«\[\[itomv¬·r©qhkjtqTjvhª«nuxt³hl~\:mrst¨1yzno0­!VW\Ux\ª«nux\u´-jlWY\*\:£TpYr¨©r©Yxlr©pYZ irshzjxlr©Ypijrnoqºnuª
jWY\³qgpYZ\Ux*nuª<qYnoxlZ*tu¨Dyznuh]jWtj%thl~\:mrst¨Dyznu hl\U\[h*tj*ª«\U\:itumv¬µr©qhkjtuqojvhr©h39E:´N¤"Wr¨©\&jlWY\
Yr©hkjlxrpijlr©nuq&hk\[\Uq&gfxvtqinoZnuhk\[xl¯o\UxvhNtuq%qnuxZtu¨1txxlr©¯t¨shNrshO9k:':´£­ \o­ 1­
å«Úà0å²â
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F Ie1­  ­ bxr©hlWY\[mvW¬Tr©q0´v`<qjlWY\.phl\.nªDYxvtqmvWrqY]~Yxnim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